This paper develops a nonsingular terminal sliding mode controller (NTSMC) with adaptive disturbance observer (ADOB) for finite-time trajectory tracking of a MEMS triaxial vibratory gyroscope, which has parameter variations and external high-amplitude disturbance. A novel sliding mode controller with adaptive disturbance observer is designed to reconfigure the parameter variations and external high-amplitude disturbance and reduce the chattering phenomenon on the sliding surface greatly through setting the switching gain in control signal as a smaller value. The disturbance adaptive law is derived to guarantee the stability of the closedloop adaptive control system via the Lyapunov criterion. The simulation results are performed to verify the effectiveness of the presented schemes.
Introduction
MEMS gyroscopes are commonly used in aerospace (instruments orientation, platform stabilization), military application (missiles navigation and guidance), automotive industry (robotic movement monitoring, vehicular navigation, and rollover detection), and consumer electronics (mobile sets, camera stabilization, and hand-held GPSs) for measuring rotation rate accurately [1] [2] [3] . Compared with conventional mechanical gyroscopes and popular optic gyroscopes, MEMS gyroscopes have many advantages such as compact size, low power consumption, reduced cost micromachining process, and high integration level. MEMS vibratory gyroscopes are a familiar type of MEMS gyros; a vibrating element, instead of a rotating one or a complex optical link, is used for inducement of Coriolis force which is shown in Figure 1 . Specifically, the operation mode of MEMS vibratory gyroscopes is forcing one axis of the gyroscope into a fixed sinusoidal reciprocating motion and detecting the Coriolis force which has the information of the angular rate along the hopefully orthogonal axis when the gyro is subjected to an angular rate; that is, the energy is transferred from one axis to another via Coriolis effect rather than the law of conservation of momentum or Sagnac effect.
However, parameter variations caused by fabrication imperfections, microscale size effects and non-superposition between the geometry structure center and the proof mass barycenter, together with external environmental disturbances could generate a frequency of oscillation mismatch between all the orthogonal vibrating axes, which leads to reduction in angular rate sensitivity. Hence, it is necessary to eliminate these undesired oscillations by utilizing practical control schemes, improving the performance of the gyroscopes.
As a variant of variable structure control algorithm, sliding mode control (SMC), which was first introduced by Uktin [4] , has many attractive features such as robustness to parameter perturbations and insensitivity to external disturbances. The primary idea of SMC is driving the system trajectory to reach a predefined sliding surface and maintain on the sliding surface that indicates the desired dynamics system [5] . Considering such attractive features, Batur et al. developed a sliding mode controller for MEMS z-axis gyroscope system with force-balancing control strategy [6] . Park and Horowitz presented a new adaptive mode of operation for a MEMS z-axis gyroscope which drives both axes via corresponding feedback control signals and describes the entire operation of the gyroscope [7, 8] . John and Vinay proposed the concept of triaxial angular velocity sensor device [9] . Intelligent control approaches can operate without system prior information and have excellent arbitrary approximation ability. Fei et al. developed intelligent SMCs for MEMS triaxial vibratory gyroscope by combining conventional SMC and neural network or fuzzy control which could reduce the weights of switching terms in control signals, restraining the chattering phenomenon on the sliding surface [10, 11] . However, the convergence process from the system initial states to the equilibrium point is usually asymptotical but not in finite time in all above control approaches that have a linear sliding mode surface. For the purpose of finitetime convergence, Venkataraman and Gulati first presented terminal sliding mode control (TSMC) with a nonlinear sliding hyperplane instead of a linear one [12] . Unfortunately, there is a singularity problem because of the principle flaw. For overcoming this problem, several direct approaches were proposed by Feng et al. [13] [14] [15] , which could eliminate the singularity essentially. So far, there were very few TSMC applications to MEMS gyroscopes for finite-time trajectory tracking [16, 17] , and one adaptive global fast terminal sliding mode control scheme showed efficient improvement [17] . The intrinsic source of chattering is the discontinuity of control signals caused by switching terms. In general, the choice of switching gain is to compensate for the upper bound of parameter variations and external disturbances for satisfying the reachability of sliding mode, so the chattering level is proportional to the upper bound, that is, switching gain. Considering this, different kinds of disturbance observers (DOBs) were proposed. Auxiliary variables-based finite-time DOBs in time domain, which were designed by introducing nonlinear terms or sign functions, were used to restrain the matched and unmatched disturbance in sliding mode control [18, 19] . Another DOB design method was based on nominal model and Q-filter in frequency-domain, and there were some applications in two-inertia system [20] and permanent magnet synchronous motor servo system [21] . Integrating adaptive control strategy, Atsuo Kawamura et al. designed an adaptive disturbance observer (ADOB) based on sliding mode control for chattering reduction [22] , which achieved external disturbance reconstruction. Combining the concept of feedback compensator, some robust SMCs with ADOB were presented for multiaxis coordinated traveling system [23] and micropositioning actuators [24] . In this paper, a nonsingular TSMC with ADOB is proposed for trajectory tracking control of MEMS triaxial vibratory gyroscopes. The main advantages in the paper are summarized as follows.
(1) A nonsingular terminal sliding mode surface is selected to actualize exact finite-time convergence of tracking error, that is, exact finite-time trajectory tracking, as well as overcoming the singularity problem essentially occured in fast terminal sliding mode control strategy [17] .
(2) An adaptive disturbance observer is utilized to reconstruct and compensate for the total high-amplitude disturbances of gyroscope system directly and continuously instead of the existing upper bound estimation. Combining the proposed adaptive control law, switching gain in control signals can be set as a smaller value so that the chattering phenomenon on the sliding mode surface can be reduced greatly.
This paper is organized as follows: the dynamics of MEMS triaxial vibratory gyroscope and nondimensional representation are described in Section 2. In Section 3, a nonsingular terminal sliding mode controller with adaptive disturbance observer for reference model following is developed. Simulation results are presented to verify the effectiveness of the proposed schemes in Section 4. Conclusions are drawn in Section 5.
Dynamics of MEMS Triaxial Vibratory Gyroscope
Referring to [9] , a typical MEMS triaxial vibratory gyroscope is composed of a proof mass which has three degrees of freedom along x-, y-, and z-axes. Without loss of generality, we assume that the gyroscope is moving with a constant linear speed and rotating at a constant angular velocity. The centrifugal forces are assumed negligible because the measured angular velocity is much smaller than the natural frequency of gyroscope system. Then the dynamics equations of the triaxial gyroscope are as follows:
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where is the mass of proof mass. , , are the feedback control forces in x-, y-, and, z-axes, respectively; , , and , , are damping terms and spring terms in the corresponding axes; Ω , Ω , Ω are angular velocities in -, -, and -axes. Fabrication imperfections generate asymmetric spring terms , , and asymmetric damping terms , , . The nondimensional equation of -axis can be obtained from dividing the equation by the reference mass , reference length 0 , and reference frequency squared 2 0 generated by nondimensional time * = 0 :
Define new parameters as follows:
Ignoring the superscript ( * ) gives the final form of the nondimensional representation of -axis:
Applying the similar operations in y-, z-axes, we obtain the nondimensional equations of motion for MEMS triaxial gyroscopë+̇+̇+̇+ 
Then the nondimensional equations in vector form for compactness can be obtained:
Considering the system with parameter variations and external disturbance, (6) can be expressed as
where Δ , Δ are the unknown parameter variations of the matrix +2Ω, , respectively, and is an uncertain external high-amplitude disturbance.
Design of Nonsingular Terminal Sliding Mode Controller with Adaptive Disturbance Observer
The design procedure of the proposed nonsingular terminal sliding mode controller (NTSMC) with adaptive disturbance observer (ADOB) is described in this section, considering the parameter variations and external high-amplitude disturbances of the system. The control target of this paper is to make the trajectory of the gyroscopes follow the specified reference trajectory generated by ideal oscillators as
Similar to (6), the reference trajectory can be written in vector as follows:
where
Rewriting (8) yields
where represents the lumped parameter variations and external high-amplitude disturbance, given by
Define the tracking error as follows:
Design of Nonsingular Terminal Sliding Mode Surface.
Considering the second-order nonlinear system with external disturbance as follows:
where ,̇are system state variables and ( ), ( ) represent the control input and external disturbance, respectively. The initial terminal sliding surface and corresponding controller can be described as 
The choice of , , is the same as (15) with the additional condition 1 < / < 2. At this case, the control input can be developed as
Remark 1. Note that if the sliding surface = 0 is reached, then the TSM and NTSM can be expressed in the same equation aṡ= − / , as well as the same finite convergence time that is spent from initial state (0) ̸ = 0 to ( ) = 0:
Referring to (17), we define the nonsingular terminal sliding surface as (20) for the popurse of finite-time convergence and overcoming the singularity problem:
Once the system trajectory reaches the predefined sliding surface, the system state will converge to its equilibrium state in finite time through setting the suitable parameters , , . After determining the sliding surface, the next step is to design a sliding mode controller to guarantee the reachability and stability of sliding mode motion.
Design of Nonsingular Terminal Sliding Mode Controller with Adaptive Disturbance
Observer. In conventional sliding mode control strategy, the selection of switching gain depends on the magnitude of lumped parameter variations and external disturbance; that is, the control approach requires the upper bound of total disturbance which is very difficult to know exactly in advance for practical applications; even if the upper bound is known, there still needs high switching gain, which could lead great damage to control signal if the total disturbance is strong. Therefore, a nonsingular terminal sliding mode controller with adaptive disturbance observer is described in this section, which can restrain the unknown strong disturbance.
Differentiating the proposed nonsingular terminal sliding surface (20) giveṡ
Considering tracking error definition (13) and substituting (10) and (11) into (21) generatė
Solving( ) = 0 gives the equivalent control as
An observer̂is used to reconstruct the unknown strong disturbance. Considering the equivalent control (23), the actual control law is proposed as
where gain matrixes Φ = diag{ }, = diag{ } are positive definite diagonal matrixes and Φ is a feedback compensator [19] designed to enhance system stability and shorten the time at which the system reaches the sliding mode surface by choosing a bigger numerical value of compensative gain matrix Φ.
The estimation error is defined as
Therefore, the sliding mode dynamics becomeṡ
Consider the following definition:
Then (26) becomeṡ 
To makė≤ 0, we choosė= −ΞΛ . Supposing that the lumped parameter variations and external disturbance change very slowly compared with the dynamics of disturbance observer, that is, the adaptation process of̂is much faster than the changing rate of that could be achieved by choosing a large adaptation gain Ξ, we can obtaiṅ=̇, so the observer̂is updated by the following adaptation algorithm:̇=
Then (31) becomeṡ
where min (⋅) represents the minimum eigenvalue of a matrix. From (33), it is obtained thaṫis negative semidefinite; that is,̇≤ − min (Λ )‖ ‖. This implies that the system trajectory could reach the sliding surface in finite time and maintain on the sliding surface. In addition, the negative semideinite characteristic oḟguarantees that , , andã re all bounded functions.̇is also bounded from (28). For making = 0 the unique solution of equatioṅ= 0, min (Λ ) ̸ = 0 must be satisfied. Therefore we introduce a small positive constant into the terṁ/ −1 to avoid the situatioṅ/ −1 = 0 while | | ̸ = 0, which could also lead tȯ = 0. Then the variable Λ in adaptation algorithm (32) turns
Thus, there is no other solution but = 0 foṙ= 0; that is, the sliding surface = 0 is an invariant set. According to LaSalle's invariant set theorem, will converge to zero asymptotically; lim → ∞ ( ) = 0. And once the system state reaches the nonsingular terminal sliding mode surface = 0, the trajectory tracking error will also converge to zero in finite time .
Simulation and Analysis
In this section, a simulation study using MATLAB/Simulink software package is performed in order to validate the effectiveness of the proposed scheme in the lumped MEMS gyroscope sensor model [5, 6, 8] . The control objective is to maintain the gyroscope state trajectory ( ) to track the desired model ( ) in finite time and reconstruct the unknown strong disturbance directly rather than the upper bound by an adaptive disturbance observer. The parameters of the MEMS gyroscope are given as follows: motion track the desired trajectory at roughly the same time. As shown in Figures 3 and 5 , the convergence time of position or velocity tracking errors of the MEMS gyroscope triaxial axes, with the conventional NTSMC without feedback compensator are all different (about 0.4 s, 1.5 s, and 0.8 s for three axes), and particularly worth mentioning is that the velocity convergence process shows more serious chattering compared to the proposed control scheme. Figure 6 describes the convergence of the selected terminal sliding surface, from which we can see that the sliding surfaces are reached in a very short time and perform minor chattering effect. The estimation of strong disturbance is shown in Figure 7 ; we can see that the strong disturbance can be reconfigured in high precision and a short time, realizing the complete compensation of system strong disturbance by feedback. In order to demonstrate the another advantage of this paper, the control inputs generated by the proposed nonsingular terminal sliding mode controller with an adaptive disturbance observer and conventional nonsingular terminal sliding mode controller are invested in Figures 8 and 9 , Mathematical Problems in Engineering which implies that the introduction of adaptive disturbance observer can reduce chattering significantly compared with the conventional NTSMC.
Conclusion
This paper investigates the design of a nonsingular terminal sliding mode controller for trajectory tracking control of MEMS triaxial vibratory gyroscope, which makes the gyroscope system insensitive to parameter variations and external unknown strong disturbance. The finite-time convergence can be realized by the proposed nonsingular terminal sliding surface which could overcome the singularity phenomenon. For the purpose of reducing control chattering under unknown strong disturbance, an adaptive disturbance observer is designed to reconstruct the matched external disturbance directly and continuously rather than the estimation of upper bound. Simulation results are provided to demonstrate the validity and reliability of the proposed control scheme.
